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In this paper we consider stochastic differential equations with non- 
negativity constraints, driven by a fractional Brownian motion with Hurst 
Ph ' parameter H > 1/2. We first study an ordinary integral equation, where 

(-H , the integral is defined in the Young sense, and we prove an existence result 

and the boundedness of the solutions. Then we apply this result pathwise 
to solve the stochastic problem. 
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i/-^ ■ 1 Introduction 

>-». ■ The study of differential equations driven by a fractional Brownian motion has 

been developed in recent years. It has been done, using either the formahsm 
of the rough path analysis [H [121 [TT] or the fractional calculus [T71 [50] . As is 
natural, afterwards has been considered some of the possible generalizations of 
the diffusion processes. For instance, in the literature we can find now papers 

^ ; about PDEs [H H [12] , Vofferra equations [3 [1] or systems with delay 

^- [Tni[ni[Ti[ii]. 

Since in some applications the quantities of interest are naturally positive, 
it is also natural to consider equations with positivity constraints. As far as the 
authors know, it has only been studied up to now the case of delay equations 
with positivity constraints Ii. As we shall see, the present paper follows these 
steps and we shall deal with stochastic equations with positivity constraints 
driven by a fractional Brownian motion with Hurst parameter H > 1/2. More 
precisely, we deal with a stochastic differential equation with normal reflection 
on M.'^ of the form: 

X{t) = x{0)+ f b{s,X{s))ds+ f ais,X{s))dW," + Y{t), ie(0,T], (1.1) 



where a;'(0) > 0, ior i — 1, . . . ,d, W^ — {W^-^ , j = 1, . . . , m} are independent 
fractional Brownian motions with Hurst parameter H > -^ defined in a complete 
probability space (f], J^, P), while Y, the so-called regulator term, is a vector- 
valued non-decreasing process which ensures that the non-negativity constraints 
on X are enforced. This can be obtained in the following customary way: 

Set 

Z{t) = x{0)+ [ b{s,X{s))ds+ [ <j{s,X{s))dW,", te[0,T]. (1.2) 

Jo Jo 

It is known (see e.g. [51[T3]) that we have an explicit formula for the regulator 
term Y in terms of Z, the so-called reflector term: for each i — 1, . . . ,d 

Y^t) = max (Z'{s)y , t G [0,T]. 

se[o,t] 

Then the solution of (|1.1|) satisfies 

X{t)^Z{t) + Y{t) te[0,T]. 

We call (|l.ip a stochastic differential equation with reflection driven by a 
fractional Brownian motion and to the best of our knowledge this problem 
has not been considered before in the wide literature on stochastic differential 
equations. 

In order to deal with non-negative constraints we use the Skorohod's map- 
ping. Set 

C+(K+,]R'') := {x e C(R+,R'^) : x{0) eR^} . 

Let us recall now the Skorokhod problem. 

Definition 1.1 Given a path z G C+(]R+,M''), we say that a "pair {x,y) of 
functions in C^{M.^,M.'^) solves the Skorokhod problem for z with reflection if 

1. x{t) = z{t) + y{t) for allt>0 and x{t) E M^ for each t > 0, 

2. for each i = 1, . . . , d, y^ (0) — and y^ is nondecreasing, 

3. for each i = 1, . . . ,d, / x\s)dy''{s) = for all t > 0, so y* can increase 

Jo 
only when x^ is at zero. 

Then we have an explicit formula for y in terms of z: for each i — 1, . . . , d 

y\t)^ max (z*(s))". 
se[o,t] 

The path x is called the reflector of z and the path y is called the regulator 
of z. We will use the Skorokhod mapping to force a continuous real- valued 
function to be non-negative by means of reflection at the origin. We will apply 



it to each path of Z defined by (|1.2I) . Note that, since we are dealing with a 
multidimensional case, the mapping will be applied to each component. 

At this point we have also to explain how the stochastic integral appearing 
in our equation has to be understood. Since the Hurst parameter H > 1/2, the 
stochastic integral is defined using a pathwise approach. We shall first consider 
a variation of the Young integration theory [19] (called algebraic integration, 
introduced in dJ), in order to define a deterministic integral with respect to 
Holder continuous function. Then we will prove our results for deterministic 
equations and at the end we will easily apply them pathwise to the fractional 
Brownian motion. 

Let us say a few words about the strategy we have followed in order to prove 
our results. Existence and uniqueness results are usually proved together using 
a fixed point argument. In order to apply this type of argument, we have to be 
able to control the difference between two solutions of our system, ||x"'^ — x'^\\, 
where || • jj denotes a generic norm. Dealing with stochastic integrals with respect 
to fractional Brownian motion a well-posed norm to work with is the A-Holder 
one. However, as can we seen in Remark 13.61 it is not possible to control the 
difference between two regulator terms y^ and y^ using a A-H61der norm. So, 
we are not able to use a fixed point argument. Actually, the existence result 
will be proved using an equicontinuous argument, while the uniqueness is still 
an open problem. We are only able to prove the uniqueness result just up to the 
first time the (up to then) unique solution has the first component being zero. 

Here is how our paper is structured: in Section 2, we will state our main 
results. Then in Section 3 we shall recall the basic notions of the algebraic 
integration theory, the Young integration and the Skorohod mapping. Section 
4 will contain the study of the deterministic integral equations: the existence 
and boundedness of the solutions. Finally, Section 5 will be devoted to recall 
how to apply the deterministic results to the stochastic case. 

2 Main results 

For any < A < 1, denote by C'*'(s,i;R'^) the space of A— Holder continuous 
functions, namely the functions / : [s, t] -^ W^ such that 

l/H-/(")l 



l^>[-*> ^= .<f<P<* (v-u)^ <°°' 



and 



r J := sup |/(m)| 

uG[s,t] 



Let us consider the following assumptions on the coefficients. 



(HI) a : [0,T] x R'^ — >• Rf^x™ is bounded and there exists a constant iiTo such 
that the fohowing properties hold: 

i) Lipschitz continuity 

\a{t,x)-a{t,y)\ < Ko\x - yl Vx, y G M'*, Vt £ [0, T] 

ii) ^/-Holder continuity in time 

\cr{t,x) ~(t{s,x)\ <Ko\t~s\'', Va; e R'^, Vi,s £ [0,r]. 

(H2) b : [0,T] x R'' — > R'' is bounded and Lipschitz continuous in x, that is, 
there exists a constant Kq such that 

\b{t,x)-b{t,y)\ <Ko\x-y\, Vx,yEW'.yte [0,T]. 

Under these assumptions we are able to prove that our problem admits a 
solution. Our main result reads as follows: 

Theorem 2.1 Assume that a and b satisfy hypothesis (HI) and (H2), respec- 
tively, with v > H . Set Aq G {-,H). Then equation HI .11) admits a solution 

X e L° (n, T,F; C^" {0,T;R'^)). 

It can also be seen that the solution has moments of any order. 

Theorem 2.2 Assume that a and b satisfy hypothesis (HI) and (H2), respec- 
tively, with V > H. Set Aq G (^ iJ). If X is a solution of m.l\) . then 

^(II^IIa„,[o,t])<°°' vp>i. 
3 Preliminaries 

As mentioned in the introduction, we are concerned with stochastic integral 
with respect to a fractional Brownian motion with Hurst parameter H > 1/2. 
In order to define the stochastic integral we will use the Young integration. We 
will follow the algebraic approach introduced in [11] (see also [121 EJE]). For the 
sake of completeness, we will recall some basic facts and notations from those 
papers. We refer the reader to the same references for a detailed presentation. 
In addition, we will recall some known results on the Skorohod mapping and 
prove an inequality that we will need throughout the paper. 

3.1 Increments 

Let us begin with the basic algebraic structures which will allow us to define 
a pathwise integral with respect to irregular functions: first of all, for a real 
number T > 0, a vector space V and an integer fc > 1 we denote by Ck{V) 
(or by Ck{[0,T];V)) the set of continuous functions g : [0,T]'^ — ?> V such that 
gti---tk = whenever ti — ti+i for some i < fc — 1. Such a function will be 



called a (fc — 1) -increment, and we will set C*(y) = UkyiCkiV). An elementary 
operator on Ck{V) is 5, defined as follows: 

fe+i 
<5 : Ck{V) ^ Cfc+i(T/), {Sg)t,...t,^, = ^(-1)^-^5,^...,-^...,,^,, (3.1) 

where U means that this argument is omitted. A fundamental property of 5 is 
that SS = 0. Set ZCkiV) = Ck{V) n KerJ and BCk{V) = CkiV) n ImS. 

Note that given g e Ci{V) and h G C2{V), for any s,M,i e [0,r], we have 

{6g)st ^ gt - 9s, and {5h)sut ^ h^t ~ h^u - Kt- (3.2) 

Furthermore, it can be checked that ZCk(V) = ;BCfc(V^) for any fc > 1. Moreover, 
the following property holds: 

Lemma 3.1 Let fc > 1 and h G ZCk+i{V). Then there exists a (non unique) 
f G CkiV) such that h^ Sf. 

Observe that Lemma [3.11 yields that all the elements h G C2{V) such that 
6h = can be written as h ~ Sf for some (non unique) / G Ci{V). 

Basically, we will use fc- increments with fc < 2. We measure the size of these 
increments by Holder norms defined in the following way: for < ai < 02 < T 
and / G C2i[ai,a2];V), let 



sup 



I/- 



rt\ 



r,te[aiM2] l*^ ~ ^\ 

and 

C^{[ai,a2]; V) ^ {f e C^iV); ||/|Uja„a.] < 00} . 

Notice that the usual Holder spaces C('([ai,a2]; T^) will be determined in the 
following way: for a continuous function g G Ci([ai, 02]; V), we set 

||fflU,[ai,a2] = ¥g\\t,,[ai,a2]- (3-3) 

We wiU say that g G Cf ([01,02]; V) if ||g|U,[Qi,a2] is finite. 
For h G C3([ai, 02]; V) set now 

where the last infimum is taken over all sequences {hi G C^iV)} such that 
/i = ^^ /i, and for all choices of the numbers pi G (0,/i). Then || • ||^ is a norm 
on C3( [01,02]; T^), and we set 

C3^([ai,a2];l^):={/ieC3([ai,a2];l^); ||/i||^<oo}. 



Consider Cl'^{[ai,a2];V) — U^>iC3 ([01,02]; V"). Notice that the same kind of 
norms can be considered on the spaces 2^C3([ai, 02]; V), leading to the definition 
of the spaces ZC3 ([01,02]; V^) and ZC3^([ai,a2]; T^). 

The basic point in this approach to pathwise integration of irregular pro- 
cesses is that, under smoothness conditions, the operator d can be inverted. 
This inverse, called A, is defined in the following proposition, taken from [Tl] 
and whose proof can be found in [TT] . 

Proposition 3.2 Let < ai < 02 < T. Then there exists a unique linear map 
A: ZCl+{[ai,a2];V) -J> C2 + ( [01,02] ; V^) such that 

M = /rf2ci+([ai,a2];V)- 

In other words, for any h G C3 ([01,02];!^) such that Sh — there exists a 
unique g = A{h) G C2 {[ai,a2]',V) such that 5g — h. Furthermore, for any 
fi> 1, the map A is continuous from ^^Cg ([oi, 02]; V) to C^( [01,02]; V) and we 
have 

\\^h\l,lai.a.] < ^^M^Aaua.h h G ZC^iuu a2];V) . (3.5) 



3.2 Young integration 

We will consider now the particular case where V — R", for an arbitrary n > 1. 
Using the tools introduced in the previous subsection, here we will present 
a generalized integral J^ fudgu for / S Cf ([0,T];M"^'^) and g € Cj{[0,T];R''). 
Following the notations introduced in [111 [7], we will sometimes write Jst{f dg) 
instead of /^ /„dg„. 

Let us consider first two smooth functions / and g defined on [0, T]. One 
can write, 

Jst{fdg)= / fudgu^ fsiSg)st+ {5f)sudgu^ fs{5g)st+Jst{5f dg). (3.6) 

J s J s 

Let us study the term J{5f dg). It is easily seen that, for s,u,t ^ [0,r], 

h,ut = [SiJidfdg))]^^^ = {5f)su{5g)ut. 

The increment h is an element of C3(R") satisfying 5h = 0. Let us estimate now 
the regularity of h: ii f £ Cf ([0,T];R"><'*) and g e C7([0,r];IR'*), from ([33), it 
is easily checked that h G Cg'+'^^R"). Hence h G ZC3'+''(R"), and if k + 7 > 1 
(which is the case if / and g are regular), Proposition l3. 21 implies that J{Sf dg) 
can be written as 

JiSfdg)^A{h)^AiSfdg), 

and thus, plugging this identity into (13. 6p . we get: 

Jstifdg) = fsiSg)st+Ast iSfSg) . (3.7) 



Let us state an extension of Theorem 2.5 of [13! where it is extended the 
notion of integral whenever / e Cf ([0,r];M"^'^) and g G C7([0,r];R''). 

Theorem 3.3 Let f e C^{[0,T];W''''^) and g G C7([0,T];R'') with k + -f > 1. 
Set 

J fdg^fsiSg)st + AstiSfSg). 

Then: 

1. Whenever f and g are smooth functions, J fdg coincides with the usual 
Riemann integral. 

2. J fdg coincides with the Young integral as defined in J19f . 

3. For any /3 G [0, 1) such that 1 < 7 + fc(l — /3) — ^p, the generalized integral 
satisfies 

/rfffi < ii/iioo,M]iiffikii - -^r + c^,Mii/iii.Mii^iiK*]ii5ii7i* - ^r , 

(3.8) 
where c^^k,fi = 2^(2'^'* - l)-i. 

Proof: 

The proof of the original Theorem has been presented in [TT] (see also [12] , 
[13] )• The first two statements of our Theorem are exactly the same that those 
in Theorem 2.5 in [M], so we refer the reader to this reference for their proof. 

The last statement is a generalization of the one presented in Theorem 2.5 
of [14], where it is only considered the case /? = 0. The proof for /? > can be 
obtained easily putting together the following inequality 

ll/l|fc(l-/3),[s,t] < 2'^ll/llfo,[s,t]ll/llfeJs,t] 

and the inequality given in Theorem 2.5 of [14] 

' fdg\ < ||/|U,Mll5ll7|t - ^r + c,Mi-p-,\\fhii-ms,t]\\9h\t - s\'^+'^^'-^\ 
where c^Mi-P) = (2^+"^^-^) - 1)"^ 

n 

3.3 Skorohod mapping 

We recall here from [5] a well-known result for the Skorohod mapping. 

Lemma 3.4 For each path z G C(R+,R''), there exists a unique solution {x,y) 
to the Skorokhod problem for z. Thus there exists a pair of functions 
{(l),ip) ■.C+{M.+ ,M.'^) ^C+(M+,M^'') defined by {(f){z) , ip{z)) = {x,y). The pair 
{(j), if) satisfies the following: 



There exists a constant Ki > such that for any zi,Z2 £ C+(M+,M'') we 
have for each t > 0, 

||</>(zi)-0(z2)IL,[O,t] ^ -^Hkl-22|loo,[0,t]' 
||(^(zi)-(^(z2)|loo,[0,t] < ^H^l-22|looJO,t]- 

In our paper we will use that the A— Holder norm of the regulator term y is 
bounded by that of z, as proven in the following easy lemma. 

Lemma 3.5 Consider z G C(R+,K''), such that ||z||^ [o,t] < oo- Then for any 
0<s<t<T 

\\y\\x,[s,t] < Cd\\z\\x^[,^t]. 

Proof: 

Take u, v such that s < u < v < t. Fixed a component «, we wish to study 

\yl-y'u\ 



(v - u)^ ' 

When yu — yl, this is clearly zero. On the other hand, when yl > yl^, let us 
define 

u* := sup{u' >u;yl, ^yl}, 
V* := mi{v' <v;yl, ^yl}. 

Then, u < u* < v* < v and y^ ~ y^. , yl ~ yl, . So 

\yl-yu\ < \yi' -yj-l ^ K- -<♦! 

(v - u)^ ~ {v* - u*)^ {v* — u*)^ 

where the last equality follows from the fact that y* and z^ coincides whenever 
y* is not constant. 
Then, note that 



sup ,-" -' < sup f^^ iL^<||z|| J ]. 

<u<v<t(V-u)^ s<u'<v'<t{v -U*)^ 



t 

Finally, we get that 

lly||A,[s,t] 



^(i:(.-,.f^)f^<'*Nu,M 



n 

Remark 3.6 It is possible to prove that a similar estimate does not hold for the 
ference of two regulator terms, result that we would need in order to prove a 



uniqueness theorem in the Holder norm framework. Indeed, let < ti < t2 < t, 
A G (0, 1), and take z^,z'^ e C^([0,i]) defined as 

z\s) = [(t2 - s)/{t2 - tl) - l]l(t„t,](s) - l(,„t](s) 
z2(s) = s/til[o,t,](s) + (i2 - s)/(i2 - tl)l(t,,t,](s) 

('note i/iat ^"'^(0) = z^(0)j. /t is easy fo see f/iaf 2/"'^(s) = [1 ^ (^2 — •s)/(i2 ^ 
*i)]l(ti,t2](s) + l(t2, *](«); w^«^e y2(s) = 0. We get then 

l|y^ - y^WuQA = ll2/lAjo,t] = 77 -Tx 

(,12 — Ilj 



while 



\\z'^ - z^WxAoA 



Taking ti fixed and t2 —ti small, we prove that in general the X^ Holder norm of 
the difference of two regulator terms cannot be bounded by the X— Holder norm 
of the difference of z^ and z^. 

4 Deterministic integral equations 

In this section we will prove all the deterministic results. 
Consider the deterministic differential equation on R'' 

x{t)=x{0)+ I b{s,x{s))ds+ I cr{s,x{s))dgs+y{t), t e {0,T], (4.1) 
Jo Jo 

where for each i — I, . . . ,d 

fit) ^ raa^ {z\s)y , t e [0,T], 
selo,t] 



and 



z{t)^x{0)+l b{s,x{s))ds+ a{s,x{s))dg,, t (E [0,T]. 



We will assume that the driving noise g belongs to C'''([0, T]; M'") with 7 > ^. 
Then, the integral with respect to g has to be interpreted in the Young sense 
and we will find a solution x in the space C^{[0,T];R'^) with A G (^,7)- 

The result of existence reads as follows. 

Theorem 4.1 Assume that a and b satisfy hypothesis (HI) and (H2), re- 
spectively, with V > ^ . Set X G (^77)- Then equation J^.Jp has a solution 

x&C^{[G,T];R%). 



Proof: 

To prove that equation (|4.1|) admits a solution on [0,r], we shall prove first 
that it has a solution on [OjTi] for Ti small enough (Ti will be defined later). 
Then we will extend the solution to [0, T] using an induction argument to extend 
the result from [0, nTi] to [0, [n + l)ri]. 

STEP 1: Study on [0,Ti]. 
Let us consider 

x(i)(i)-z(i)(t)-a;(0);jy(i)(t)-0 ie[0,r], (4.2) 

and for all n > 1 



\t)=xiO)+ 6(s,a;^"Hs))rfs+/ a(s,x(")(s))(i5,+y(")(i), t e [0,T], 

Jo Jo 

(4.3) 

where for each i = 1, . . . ,d 

2/(")^^(i)= max (z(")'Xs))^, t e [0,T], 

se[Q,t] V / 

with 

z(")(i)=a;(0)+ / b{s,x^"\s))ds+ [ a(s,a;(")(s))d<?„ te [0,T]. 

Jo Jo 

Step 1.1: Properties of the functions a;^"' 

It follows that a;("' e C^([0,ri],R|) for ah n > 1. Indeed, from Lemma|32l 
we have that 

Ik("+1)||A,[0,T,] < I|;2^"^I|a,[0,T,] + l|y("^l|A,[0,T,] < C,||2(")|U,[0,T,]. 

Using Theorem l3.3l and the hypothesis on the coefficients 

<\\b\\^\t-s\ + \\a\\oo\\gUt-sy 

Using that 

lk(.,x(")(.))|U,M < K, (\\x(-^\usA + \t~sr>) , 
we can write that 

\\x^"^'^h,ls,t]<Ht-s) + Ah\\x^''^h,[,.,^\t-sr, (4.4) 



10 



where h{t) = Q(||6||ooi^-^ + IklUHslk*''"^ + c^,xK4g\\^t''-^+''), 
Ml — CdCy.xKoWgW^. Repeating iterativily inequality (|4.4I) with s = we get 
that 



l^("+')|U,[o,*] <M0 E(^^i*'')' + (^^i*')"ll-'^^'^IU,[o,*] ^Kt)Y,{Mit^)\ 



So, choosing Ti such that Ti < (1/Afi) 



1/7 



(4.5) 



sup||xM|U.[o.Ti]:=ifi<^. (4.6) 

n>l 

Since x'-"-'(0) = a;(0) for aU n, it foUows easily that 

sup||x(")|U,[o,Ti] := A'2 < 00. (4.7) 

n>l 

iStep i.^; Definition oj the solution 

The sequence of functions x*^"^ is equicontinuous and bounded in C([0, Ti]; M''). 
Therefore there exists a subsequence {a;^"j-'}j>i that converges uniformly to a 
function cc e C([0,ri];]R^) . 

Moreover x belongs to C^{[Q,Ti\,W\_). Indeed, fixed e > let us choose Uj 
such that \\x - x"^ ||oo,[o.Ti] < £■ Then, for all s,i G [0,ri] 

\x{t) - x{s)\ < \x{t) - x("^)(t)| + |x("^)(i) - x("^)(s)l + |x("^)(s) - x(s)| 
< 2e + Ki\t-s\^. 

Since this inequality is true for all £ > 0, we get that x £ C^([0,Ti];M^) and, 
for any t E [0,Ti], the Young integral 

t 
a{s,x{s))dgs 



'0 

is well-defined. 

Step 1.3: X satisfies {4-1^ on [0,T] 



Since {x'^"^^}j>i converges uniformly to x and b is Lipschitz in space, we get 



that 



lim II / h{s,x'^^^\s))ds- / 6(s,x(s))ds||„,,[o,Ti]=0. (4.8) 

On the other hand, using the hypothesis on the coefficients and Theorem 
for any ie [0,Ti]: 



[a{s,x{s))-cj{s,x^-^\s))]dg. 
/o ^ ^ 

< i^o||a;(")-a;("-'^||oojo,T,]ll5ll7rr 

+if„^c,,A,^||x-x("^)||^[,,,J|a(.,x(.))-a(.,x("^)(.))||^-„^,,J|g||,Ti^ 



11 



Since ||CT(.,a;(.)) - cr(., a;("^)(.))|lA,[o,Ti] < oo, 

lim II / a{s,x{s))dgs - / a{s,x'^''''\s))dgs\\oo,[o,Ti] ^ 0. 



ie[0,Ti], 



(4.9) 



/o ^0 

Finally, for each i = 1, . . . ,d, set 



yUt) = max (zUs))' 
se[o,t] 



where 



z{t) = xq + / b{s,x{s))ds + / a{s,x{s))dgs, te[0,Ti]. 
Jo Jo 

Using Lemma 13.41 we have 



sup 


yit)- 


-y^^^Ht) 


< Ki sup 


z{t)- 


-z("^)(t) 


*e[o,Ti] 






te[o,Ti] 







From (|4.8p and (|4.9p we obtain now that 

lim ||y-2;("^')| 



ni^f-QO 



oo,[0,Ti] 



= 0. 



Letting rij to infinity in (j4.3p and using 
X satisfies (14.11). 



(4.10) 
and (|i?TU)) . we get that 



S'T'i^P ^.: We wiU assume that we have defined the solution on [0,iVri]. We 
will show first the extension to [NTi, {N + l)Ti] (assuming {N + l)Ti < T). 
Let a; be a solution defined in [0, NTi]. Then, let us define 

z^'Ht) := z{t)l[o^r^T,]it) + z(Ti)l(^Ti,T](0- 
Moreover, for all n > 1 

a;("+i)(f)=a;(t), ie[0,7VTi], 

a;("+i)(t) = z(7VTi)+ / 5(s,a;(")(s))ds+ / a(s, a;(")(s))dg, + y(")(i), 

JnTi J NTi 

t&iNTi,T], 
where for each i = I, . . . ,d 



with 



y'->^\t) = max (z^^'-^s))" , t € [NT,,T], 



z(")(t) = z(t), tG[0,Ti], 

z^''\t) ^ z{NTi) + j b{s,x^''^s))ds+ f CT(s,x(")(s))d5, 

ie (A^Ti,r]. 



12 



Note that 

y^'\t) := y(i)l[o,jvTjW +2/(ri)l(jvTi,T](i)- 
Repeating the same computations given in Step 1.1 we get that 



n-l 



||a;("+'^l|A,[JVTi,t] </i(i-A^Ti)^(Mi(t-7VTi)^)\ (4.11) 



i=0 

where h{t) and Mi are the same that appear in (|4.5p . Using the same ideas 
employed in Step 1.1, we obtain that 

sup||a:("^||A,[ArTi.(7V+i)Ti] := -ft^i < oo, 

n>l 

and 

sup ||a;^"^||oo,[jVTi,(Af+i)Ti] := K2 < 00. 

n>l 

Following now the method used in Step 1.2 and Step 1.3, there exists a sub- 
sequence {a;^"^^}j>i that converges uniformly to a function x'^l e C([AfTi, (iV-|- 

l)Ti];]R'') . Moreover a; [2] belongs to C^([7VTi, (iV+ l)Ti],R^) and xl^l satisfies 

((tTD in [7vri,(7v + i)ri]. 

Set now: 

a;(t) = x{t)l[Q,]yTi] {t) + X^^^ (i)l(ArTi,(Ar+i)Ti] {t). 

Clearly, a; belongs to C^([0, (7V + l)ri],M'^) and a; satisfies gU in [0, (iV+l)ri]. 

D 

Remark 4.2 T/ie study of the uniqueness of the solution is an open problem, 
due to the fact that we are not able to bound the Holder norm of the difference of 
regulator terms with the same norm of the difference of the reflected terms. We 
can only get the uniqueness in a small tim,e interval and when a does not depend 
on time. Assuming that a : M ^ M™ is bounded and Lipschitz continuous, b 
satisfy hypothesis (H2), i' > 7 and Xq € {^,l), then there exists e > such 
that equation (RT71) has a unique solution on [0,e] and x G C'^''([0, e]; M'{_). 

Indeed, fix x a solution of our equation in [0,T]. Since x*(0) > for any 
i, there exists e > such that x^{t) > for any i and t G [0,e]. Let x\ be a 
second solution of our equation and let S := sup{i > : x\{t) > 0,i — 1, . . . , k}. 
Clearly 6 > and assume, w.l.g. that S < e. On [0,6), both solutions x and xi 
are nonnegative and y{s) — yi{s) — for all s £ [0, 5). For any to £ [0, 5) 



a;-a;i||A,[o,to] ^ W (H'^^x'^iu)) -b{u,x {u)))du\\x,[o,to] 



+ 11/ i<yixiu)) - <yiMu)))dgu\\uoM- (4-12) 
Jo 
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On one hand 

II / {h{u,x{u))-b{u,xi{u)))du\\x,[Q^to] 

\ /, (6(m, x{u)) — b{u, xi{u)))du\ 



0<s<t<to F-Sl 

< Kq\\x - xi\\oo.,io,to]^o'^ - -^'o||a;-a:^i|U,[o,tol*o- (4.13) 



On the other hand, using Theorem[ 

{a{x{u)) ~ (T{xi{u)))dgu\\x^aja] 

< Ko\\x - a;i||oo,[o,to]ll5ll7*o"^ + ^lA^ - 2;i||A,[o,to]ll5ll7*o 

< (Ko + c^,x)\\x - xi\\x,[o,to]\\9\\4^- (4.14) 

Putting l^.jgp and U-UV «" U-l^ we get that 

\K - x''\\x,[0,to] < {Koto + {Ko + C^,A)||5ll7^o) \\X - a:i|U,[o,t„]. 

Choosing to small enough it follows that ||a; — a;i||Ajo,to] ~ 0- Since x{0) = Xi(0) 
it follows that x — xi on [0,to]- Since we can repeat this arguments on [tQ,2to] 
and further on, we get that x — xi on [0,6]. 

From the continuity of our solutions we have that x(S) = xi(S) = 0, y{6) = 
j/i((5) — and S — e. 



We will finish the study of the deterministic case obtaining a bound for the 
Holder norm of the solutions. 



Theorem 4.3 Assume that a and b satisfy hypothesis (HI) and (H2), respec- 
tively, with v > "i and set A G (^jT). Given x a solution of equation \4-l^ i it 

holds that \\x\\x_\o.t] ^ M2 + AfaHgH^ , where M2 and M3 are positive constants 
not depending on g. 

Proof: 

Using that b and a are bounded, Lemma 13.51 Theorem 13.31 and that 

\\a{.,x{.))\\xAs,t] < Ko\t - sr^ + Ko\\x\\x,[s,t], 
we get that for any s < t 

||a;lU,[s,t] < lk||A,[s,t] + \\y\\\.[s.t] < {Cd + l)||z||A,[s,t] 

< (C, + 1) (||5|U|i - s\'-' + \\a\U\g\U\t ~ s\-^-^ 

+C7,A||cr(.,x(.))||A,[s,t]||.g|l7l^-sr) 

< (Q + 1) (ii6iiooit - ^r-^ + (ikiioo + T^Koc^Maut - ^r-' 

+Koc^.x\x\x\sA\9'^i\t - ^V) ■ 
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Set Md,^,\ := {Cd + l)K(iC^^x- So, for any < s < t < T such that 



Md,,A9h\t-s\-<<\, (4.15) 



we get that 



\Mx,[sA < 2(C, + 1) {\\b\Ut - s\'~^ + (||a|U + T-'Koc.AWgW^lt - sp"^) 

(4.16) 
Note that given any < s < t <T that do not satisfy (|4.15p . we can choose 
tQ ~ s < ti < . . . < tn = t such that for aU z G 1, . . . , n 

with 

Then, using (I4.16p . we have that 

\x{t)-xis)\ ^^ \x{U) - x{U-i)\ \U ~ U^i\^ 
\t-^\' -fri \U~U-i\^ \t-s\^ 

Y^ II II l*» ~ ti-l\ 

1=1 I ' I 

^ 2{Cd + 1) (||b||oo|^» - U^i\ + (IklU + T''Koc^,x)\\gUU - U-iY<) 
-^ \t-s\^ 

2{Cd + 1) ((||a||oo + T''KQC^,x)\\gUU - t.-iD 



E- 



i=l ' ' 



<2{Cd + l)\\b\\ooT^-^ 

i\2{Cd + l){(M^+T-K^c,.x)\\g\\,) 



+ {2\t-s\{2Md,^.x\\9hr-) 



\t-s\^{2Md,^.x\\9h) 
<2(C<i + l)||6||oor^-^ 

+ri-^2i+^M|;;,(Q + 1) (llrxlU + T-^XoC^^a) llfflli 

From this last inequahty, it follows easily that ||a;||A,[o,T] < M2 + M3||gi||-^ . 

D 



5 Stochastic integral equations 

In this section we apply the deterministic results to prove the main theorems of 
this paper. 

The following Lemma, taken from [17] (see Lemma 7.4) is basic in order to 
extend the deterministic results to the stochastic ones. 
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Lemma 5.1 Let {W^;t > 0} be a fractional Brownian motion of Hurst pa- 
rameter H G (0, 1). Then for every < e < H and T > there exists a positive 
random variable rje^r such that E(\ri^^T\^) < oo for all p e [l,c)o) and for all 

s,te[0,T] 

m"-W^\<rj,,T\t-s\''-', a.s. 

The stochastic integral appearing throughout this paper L u{s)dW^ is a 
Young integral. This integral exists if the process u{s) has Holder continuous 
trajectories of order larger than A such that H + X > I. 

On the other hand, notice that from lemma [5TT1 for any 7 < if it holds that 

E{\\W"\\P)<^, 
for all p E [1, 00). 

Choosing 7 and A, such that 7 = H — ei with 7 > | and A e (5,7), Theorems 
14.11 and 14.31 follows almost surely. Our stochastic theorems of existence and 
boundedness of the moments hold then clearly. 
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